
N, n, d imens ion l e s s  complexes  in t roduced into (5); v, d imens ion les s  volume;  ~, p a r a m e t e r  introduced into (5); 
z . ,  d imens ion le s s  bed height in s teady  f luidized s ta te ;  w, c i r c u l a r  frequency.  
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Exact  solut ions of the s y s t e m  of equations of heat and mass  t r a n s f e r  accompanying absorp t ion  
of vapor  by a l iquid f i lm a r e  obtained.  Expres s ions  for the main c h a r a c t e r i s t i c s  of heat and 
mass  t r a n s f e r  a r e  obtained. 

Numerous  p r o c e s s e s  used in c h e m i s t r y ,  r e f r i g e r a t i o n ,  etc.  entai l  the absorp t ion  of vapor  by a liquid 
solution.  A c h a r a c t e r i s t i c  fea ture  of such p r o c e s s e s  is the combined t r a n s f e r  of heat and abso rba te  in the 
liquid. In p r a c t i c a l  eng ineer ing  ca lcu la t ions ,  however,  hea t -  and m a s s - t r a n s f e r  p r o c e s s e s  a re  usual ly  con-  
s i d e r e d  s e p a r a t e l y .  

In the p r e s e n t  paper  we use a s imple  model  to inves t iga te  the mutual  effect of heat t r a n s f e r  and diffusion 
p r o c e s s e s  during absorp t ion  by a f i lm. 

The t r e a t m e n t  of the p r o b l e m  of combined heat and mass  t r a n s f e r  during absorp t ion  of a pure  (with no 
admix tu re  of gas) vapor  by a f i lm of solut ion flowing down a v e r t i c a l  walt is based on the following a s s u m p -  
t ions : 

1) the wall  is i s o t h e r m a l  and i m p e r m e a b l e  for the absorbed  subs tance ;  

2) the f i lm th ickness  5 is constant ;  

3) the flow of liquid is l a m i n a r ;  

4) at the l i q u i d - v a p o r  in te r face  the n a b s o r b a t e - l i q u i d  solut ion n s y s t e m  is in a s ta te  of sa tura t ion ;  

5) wave p r o c e s s e s  in the l iquid do not affect  heat  or  mass  t r a n s f e r ;  

6) a l l  the phys i ca l  p a r a m e t e r s  of the p r o b l e m  ( thermal  diffusivi ty,  diffusion coeff ic ient  etc.) a r e  constant  
in the cons ide red  ranges  of t e m p e r a t u r e  and p r e s s u r e .  

As a model  r e p r e s e n t i n g  the s ta te  of s a tu ra t i on  we se l ec t  a l inea r  r e l a t ion  between the concent ra t ion  and 
t e m p e r a t u r e  

C = d T + b .  
The coeff ic ients  d and b a r e  de te rmined  by the vapor  p r e s s u r e .  We int roduce a Ca r t e s i an  eoord ina te  s y s t e m  
(x' ,  y ' ) ,  whose x '  axis  co inc ides  in d i rec t ion  with the ve loc i ty  v of liquid in the f i lm and whose eoord ina te  
or ig in  l ies  on the sol id  wall.  We a s sume  that in the c r o s s  sec t ion  x '=O the liquid t e m p e r a t u r e  T o and eoneen-  
t r a t ion  C O a r e  constant  over  the c r o s s  sec t ion ,  and Co is less  than the sa tu ra t ion  value co r re spond ing  to 
t e m p e r a t u r e  TO, i . e . ,  C0<dT0+b.  

We solve the p rob l em on the a s sumpt ion  that v = const .  In d imens ion les s  fo rm the s y s t e m  of equations 
r e p r e s e n t i n g  heat and mass  t r a n s f e r  in the f i lm and the boundary condit ions a r e  as follows: 
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i OT 02T . 
I o~ oy~ ' 

I OC 1 a2c 

Ox Le Oy ~ 

(1) 

T(6, y ) = M , = l - -  T 2 ;  
To 

(2) 

C (O, y) = M z =  t dTw + b 
Co 

T(x,  O) = O; 

(3) 

(4) 

C[v=0 = 0; (5) 

C(x,  1)=  dT~ T(x,  1); 
Co 

OT _ Ka C O OC v=t 
-~Y u=l Le dT o Oy . " 

(6) 

(7) 

H e r e  Ka = rad /c  p - a d imens ion le s s  complex  - is an analog of the p h a s e - t r a n s i t i o n c r i t e r i o n ,  s ince  1/{t has the 
d imens ion  of t e m p e r a t u r e .  

Condit ion (7) e x p r e s s e s  the fact  that  all the heat  r e l e a s e d  by absorp t ion  is expended on heat ing of the 
liquid by conduct ion.  

The s y s t e m  of  equations (1) with boundary  condi t ions  (2)-(7) is so lved b y t h e  F o u r i e r  method;  i .e . ,  the 
solut ions a re  r e p r e s e n t e d  in the f o r m  of expansions  in s e r i e s  o f  e igenfunct ions  

T L ~ ~ v( I} (x) g(~') 
t l  

(8) 

C = Z N y(2) 
n 

(9) 

F r o m  the s y s t e m  of equat ions (1) and boundary  condi t ions  {4) and (5) we obtain 

Yl])(y) sin (k,,y); {2} = , Y,, ( y )=cos (V~-k ,~y ) ,  

X(~ ' } (x) = X(~ 2) (x) = exp (--  k~x), 

where  k n a re  the e igenvalues .  

Condit ions (6) and (7) give the fol lowing equal i t ies :  

B~ dTo YI 1) (1) 

At Co y~2}(1) ' 

B~ Le dTo Y~{')(1) 

A~ Ka C o y/{2} (1) ' 

(i0) 

(ii) 

{12) 

(13) 

f r o m  which we obtain  the t r a n s c e n d e n t a l  equat ion for  the  e igenvalues  k n 

o r  

Y~}} {1) v'f} (1) L~ 
Y~} (1) Y2 ~ (1) Ka 

f (k~) = tg (k,0 tg ( VLT k..) + V ~  - -~--  ---- 0. (14) 

To calculate the expansion coefficients A n and B n we obtain the orthogonality relation for the eigenfunctions. 

Since we have the following equations for Yi (I) and y](1) 

y / ( l ) ,  ~2v(~) yT(,) b2v(]) T ~ - ~  = 0 ,  - t -~ i - /  = O ( i : ~ ] ) ,  
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by mul t ip ly ing  t h e m  r e s p e c t i v e l y  by y j 0 )  and Yi 0) ,  sub t r ac t ing  the obtained equal i t ies  f r o m  one ano the r ,  and 
in t eg ra t ing  with r e s p e c t  to y f r o m  0 to 1, using the condi t ion Yi , j0 ) (0 )=0  '[condition (4)], we obtain the following 

equal i ty :  
1 

-y a g = Y /  (1) Y}')(1)--Y:( ' ) ( I )Y}I)(1) .  (15) 
0 

condi t ion y[,j(2) (0) = 0 [condit ion (5)], we obtain S imi l a r ly ,  using 
1 

Cu (k , - -  ki ) I "'<2;''(2)" y y )  ' �9 r i r  i of~=: (1) Y~-% (1) - -  Y{('~) (1) Y}2) (1). (16) 
0 

We mul t ip ly  the l e f t -hand  s ide  of  (16) by 

B i Bj C O Ka C O 
A i A; dT o Lu dT o 

The equal i ty  s t i l l  holds if, using re l a t ions  (12) and (13), we nmlt ip ly  the f i r s t  t e r m  on the r igh t -hand  s ide by 

Yj!)!(!)) Y}i).(1) and the second t e r m  by Y;(1)(1) y}l)(t)  . 
�9 , V ~ 2 )  vf('-') (1) Y12)(1) Y/(='} (!) - i  (!) 

! 

I . ,~(-~h,(e) ,  g~ ( l )  (1) Y, . ' ( I ) (1)Y} ) (I ) .  "liB~ ,4jBi dT Ka ~'oC~ --k]). == ~ - ( k  i l i  ~ /ag (l) YI I~ ~ (17) 

0 

Compar ing  (15) and (17), we obtain the r equ i r ed  o r thogona l i ty  r e l a t i on  in the f o r m  
1 1 

f " a Co o 
At4; ,  }:5l)Y~l)dff--DiBjK. ~d_To i ' i  r :  ag = 0. (18) 

0 0 

F r o m  the  ini t ia l  condi t ions  (2) and (3) and r e l a t i on  (18) we de r i ve  the following e x p r e s s i o n s  for  A n and Bn: 

1 
z111 

Afte r  ca lcu la t ion  of the in t eg ra l s ,  us ing e x p r e s s i o n s  (10) 

1 ! 

�9 co rl:,(1) t' M, I YI:~dV--M~ V~)dv 
, - dTn Y}f)(I) . 

"o o 

/, y,7~'dv -- ~a 
t 3 

0 0 

dTo y~  ) B,, - ( i )  A , .  
C o Y~)(1) 

we f inal ly  obtain 

dT w b ) •  
Co 

Ka Cn sink,, tg|"-L-e k,,}//{(2k.--sin2k,,~ Ka sinZk'~ (2 I L--e k,, @sin2 i' ~-~ k.)} , (19) 
X VL~-e dTo , ' ]-L-e- co s~ ]/Lek,~ 

B,, == dT~ sin k,, A,~. (20) 
C o cos l / ~ k , ,  

The  solut ions  obta ined in this way enable  us to ca lcu la te  all  the c h a r a c t e r i s t i c s  of the hea t -  and m a s s - t r a n s f e r  
p r o c e s s :  the heat and mass  f luxes through the f i lm s u r f a c e ,  the heat  flux through the sol id wall ,  and the 
t e m p e r a t u r e  and concen t r a t i on  ave raged  ove r  the c r o s s  sec t ion  

f i  b5 ' == XA, ,  exp(--k~x) Y;,(~)(I) ~A,,exp(--k~,x)k,~cosk,; 
Qhs -= )'To u=~ . n 

Qhw =-= ghm6! = - ~  A. exp(--k,~x) Y,~(~)(0~ Z A,~exp(--k~x) k,,; 

(21) 

(22) 
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, 
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Fig .  1 Fig .  2 

Fig .  l .  T e m p e r a t u r e  and c o n c e n t r a t i o n  on f i lm s u r f a c e  as  func-  
t ion  o f  x: I) t e m p e r a t u r e ;  II) c o n c e n t r a t i o n .  The so l id  l ine is  the  
exac t  so lu t ion ,  the  d a s h e d  l ine  is the  a p p r o x i m a t e  s o l u t i o n  [1]. 
x = (1/RePr)  �9 (x'/6). 

F ig .  2. V a r i a t i o n  of  d i m e n s i o n l e s s  hea t  and m a s s  f luxes  a long  
f i lm:  I) hea t  flux th rough  so l id  wall  ( exac t  so lu t ion ) ;  II) hea t  flux 
th rough  f i lm  s u r f a c e  (exac t  so lu t ion ) ;  III) hea t  flux th rough  f i lm  
( a p p r o x i m a t e  s o l u t i o n  [1]); IV) m a s s  f lux th rough  f i lm  s u r f a c e  
( exac t  so lu t ion ) ;  V) m a s s  f lux th rough  f i lm s u r f a c e  ( a p p r o x i m a t e  
so lu t i on  [1]). 

Qm /4m a I �9 : i,D(?ol,,a B. exp( k~v) Y.i(~)(l) --  

- - -  ~ '  B,, exp i l l  . 

- k~.v) ~ fie k,, ~in I [ e  k;  

6 

7,av ~Fav 1 j '  T w 
-To -6T.  "r@ .- To 

tl 

(23) 

~, .4_,,__ exp(-- k~',s)(co~l~,, - -  

6 

Ca v Cav 1 t" dT w o 
� 9  . . . .  b ~  ~ . C,tg . . . .  Co- 

l) 

X ' ~ 2  "B' '  exp ( - -  l,'~x) sin k,, I '  l~e . 

); (24) 

i 

[ L e  

(25) 

T h u s ,  a l l  the  c h a r a c t e r i s t i c s  of the  h e a t -  and m a s s - t r a n s f e r  p r o c e s s  within the  f i lm a r e  d e t e r m i n e d  by the four  
c r i t e r i a  Le ,  Re ,  P r ,  and Ka and the  p a r a m e t e r s  c h a r a c t e r i z i n g  the  i n i t i a l  s t a t e  of  the f ihn  (To, Co, Tw,  d, b). 

R e l a t i o n s  (14), (19)-(25) w e r e  used  for  s p e c i f i c  c a l c u l a t i o n s .  

To obta in  the n u m e r i c a l  r e s u l t s  in each  c a s e  we t e s t e d  the  p r a c t i c a l  c o n v e r g e n c e  of the  r e s p e c t i v e  e x p a n -  
s i o n s .  F o r  i n s t a n c e ,  to ob ta in  the  r e s u l t s  shown in F igs .  1 and 2 we s u m m e d  30, 40, and 50 t e r m s  of the  s e r i e s .  
We found tha t  a l l  the c h a r a c t e r i s t i c s  c a l c u l a t e d  by us ing  40 and 50 t e r m s  a g r e e d  to wi th in  10 -5 . 

F o r  Le = 1 the  r o o t s  of  Eq. (14) a r e  e x p r e s s e d  in e x p l i c i t  f o r m  

1 
k. a r c t g  - - ~ a . -  . I n ( n - -  l) , .n 1, 2 . . . . .  

F o r  Le ~ 1 Eq. (14) m u s t  be so lved  n u m e r i c a l l y .  To s i m p l i f y  the  so lu t i on  we c o n s i d e r e d  the  c a s e  w h e r e  
v'Le is a whole  n u m b e r .  Then  f(k n) is  a p e r i o d i c  funct ion with p e r i o d  r, and,  hence ,  for  the d e t e r m i n a t i o n  of  a l l  
the roo t s  i t  is su f f i c i en t  to s o l v e  Eq. (14) on the i n t e r v a l  [0, 7r]. 

F i g u r e s  1 and 2 g ive  s o m e  r e s u l t s  of c a l c u l a t i o n s  for  p a r a m e t e r s  c h a r a c t e r i s t i c  of l i t h ium b r o m i d e  
a b s o r b e r s  and c o m p a r e  the  e x a c t  so lu t i ons  with the  a p p r o x i m a t e  so lu t ions  that  we ob ta ined  in [1]. 
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NOTATION 

T, temperature, T = (T - Tw)/T0, dimensionless temperature; ~, concentration of absorbate in solution 
(mass fraction); Tw, wall temperature; d, b, constants determining state of saturation on liquid-vapor inter- 
face; C = (~ -dT w- b)/C0, dimensionless concentration; y=y'/6; x=x'a/v62 = (I/RePr) �9 (xV/~); Le=a/D, Lewis 
number; Pr = v/a, Prandtl number; Re = Vh/~, Reynolds number; a, thermal diffusivity; D, diffusion coefficient; 
ra, heat of absorption; Cp, specific heat; X, thermal conductivity; ~, viscosity; p, density of solution; gh, gm, 

m 

dimensional heat and mass fluxes, respectively; Tav , Car, average values of temperature and concentration 
over cross section of film; Qhs, Qhw, dimensionless heat fluxes through film surface and solid wall; Qm, 
dimensionless mass flux through film surface. 
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A solution of the nonsta t ionary  Stefan p rob l em is p resen ted  for bodies of plane,  cyl indr ica l ,  
and spher i ca l  s y m m e t r y  in applicat ion to p r o c e s s e s  of diffusion in terac t ion  between meta ls  
and a gaseous  oxidative medium.  

The kinetics of meta l  in terac t ion  with gases  is usually studied (see [1], for instance) by g r a v i m e t r i c  (by 
the change in spec imen  weight), vo lume t r i c  (by the quantity of absorbed gas),  meta l lographic  (by the per iodic  
m e a s u r e m e n t s  of the th ickness  of the r eac t ion -p roduc t  f i lms ) , and  c a l o r i m e t r i c  (by the quantity of heat l iberated 
by the react ion) methods.  Hence,  spec imens  of a different  geomet r i c  shape (plates,  wi res ,  spher i ca l  pa r t i c l e s ,  
etc.) were  used in t es t s .  In this connection, it is in te res t ing  to analyze the question of the influence of the 
g e o m e t r i c  shape  of the spec imens  used on the regu la r i ty  of reac t ion  diffusion. Some resu l t s  of such an analysis  
based on an assumpt ion  of a s t a t ionary  dis t r ibut ion of the reagent  concentra t ion in the product  f i lm are  con-  
tained in [2-4]. This quest ion is analyzed in this pape r  in the genera l  case  of nonsta t ionar i ty  of mass  t r a n s f e r  
through the r eac t ion -p roduc t  f i lm. 

w 1. S t a t e m e n t  o f  t h e  P r o b l e m  

Within the f r a m e w o r k  of the c l a s s i ca l  theory  of reac t ion  diffusion [5], which is based  on the assumpt ion  of 
the l imit ing ro le  of t r a n s f e r  of the gaseous reagent  through the reac t ion-produc t  f i lm, the p r o c e s s  is descr ibed  
by a nonl inear  Stefan p rob lem,  which has the following fo rm for  bodfes of finite s ize  but different  geomet r i c  
shape 

"ac D ( OZc n Oc ) 
a--~ = ax 2 " x Ox ' r ~ x ~ R ,  (1.1) 

C 1 - -  C 2 t = O  c---c,  - ( R - - x ) ,  R - - r = e ( ( R ,  
R - - r  

C 2 

(1.2) 

x =  R c = c v (1.3) 

x = r  c = c , ,  (1.4) 

d ( R - - r )  m Oc �9 (1.5) 
dt Ox ~=~ 
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